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(1952) in the original (linear) CG paper
of Hestenes and Stiefel [59]
(1964) first nonlinear CG method, proposed
by Fletcher and Reeves [45]
(1967) proposed by Daniel [39], requires
evaluation of the Hessian V2 f(x)
(1969) proposed by Polak and Ribiére [84]
and by Polyak [85]
(1987) proposed by Fletcher [44], CD
stands for “Conjugate Descent”
(1991) proposed by Liu and Storey [67]
(1999)  proposed by Dai and Yuan [27]
(2005) proposed by Hager and Zhang [53]
TABLE 1.1

Various choices for the CG update parameter



T 9o QSL‘”)-.'.-“*‘ ui’ﬁ)

min f(x) = %xTQx —b"x
g =Vf(x")=Qx"—b
el
Po=—9o=—0Qxo+Db
AR 1B
Xit1 = X; T a;P;

p; —g +Z<gl+1TQp] >
i+1 = i+1 pJTQp] D;

{p]}] =0 ] Jag.g)—o Q-owle LS‘J‘? M»‘ —r:‘; )‘ oolawl

S8 Loz o> a4 5L




SR R

f[R*" >R
f(x) = %xTQx — b'x

Xi =Xogt QoPo + "+ Ai_1Pi—1 X" =Xxg+ agpo+ -+ ap_1Pn-1
p; Qx; = p; Qxp = p; Q(x; —x) = 0 p! Qx* = p] Qx, + a;p] Qp;
piQ(x* —xy) = p] Q(x* — x;) = pi (b—Qx;) = —p} g;

plQ(x" —xy) = —pl g; plQ(x" — xy) = a;p! Qp;

PiTgi
T
p; Op;

U
8
I



T9° 0 obol,s g,

1
min f(x) = ExTQx — b'x

g =Vf(x")=0Qx"—b
:)'ls']
Po=—9o=—0xo+Db
ol al> o
Xi+1 = X + a;p;
Jo b3 g o 5L
Pi+1 = —9i+1 t+ Bib;



T9° 0 obol,s g,

Pi+1 = —9i+1 T+ Bip:
T T
P, Q0Pis1 =P; Q(—9i+1 1+ Bipi)
0=-p;Qgis1 + Bip! Qp;

p; 0gi+1 = Bip! Qp;

_ P Qgii _ 9:.10p;

Bi
P} Qp; p; Qp;



T9°° QL.’.Q‘)-? w-:-.’.)si”

f:R" > R
_ 1T T
Tesr okl o f(X) =5 Qx — b x
Sbn cly
T
di Di
ad: = — ——— °
' p:TQp;

Xiy1 = X +a;p; °
gi+1 = Qxi+1T_ b -
_ Gi+1 Qpi

'Bl piT Qp;
Di+1 = —9i+1 + bib; *



12 -1 1
Q‘[—1 zl’b_lol
%= o]
S [
—1
9o =Vf(xo) =Qx—b=-b=|_|
s}
Po Jdo 0
1
A = — 9o po _ -1 0][0] _1
0 Po’Qpo [1 0][2 _1[3 2
0 L]
x1=x0+a0p0=[] [] 2
2101 o

o-on-ve%, -1y

J

s

PR e A
O poTapo [1 O][_Zl —21][(1)] 4
1
0 —
P1 = —4g1+ Bobo = —[_l +i[é] = li
2 2
o
al }T L = 0=
~paTop o =
ST [
-2.'
AL RE
x2=x1+a1p1= 2+§i:i
2] |3

2 -1
gz=Qx2—b=[_1 2]

RoRE



SLE ey mesie obslS e,

f[R*" >R
Fegsse obols ot f(X) = TQx b x
Po=—90 590 = 0x — b Xy aJql a5 lsis aﬁ%fu.sli Jlis a °
gi ¥ 0 Olesls
YopiTop;

Xiy1 = X +a;p; °
giv1 =9+t “;Qpi .
,8i — gi+1Tgi+1

9i7gi
Pi+1=—9i+1 + Bip:i °



Yzoore kol S 63!
Po=—"90 s90 — Qx_ b 9 X0 ngg‘ G.QO)LLEA
gi #0 Lk

_ giTgi
~ piTop;
Xiy1 = X T a;P;
gi+1 = 9gi + a;0p;
,8- — Ji+1' Gi+1

' 9:7 g
Pi+v1 = —9i+1 T Bibi

[

Vagoie 0bolS o 5ol
Po=—9o s9o = 0x—Db yx5 o5l el
bn sl

_ gi'pi
piTQp;
Xiv+1 = Xj + api
gi+1 =0Qx;41— Db

B; = gi+1 Qp;
YopiTop;

Pi+1 = —9i+1 + Bibi

aiz



o=1% F]r=]o =[_0;]

0 0
X =[ ] _1[
0 0 ﬁo _ nggl _ [0 2] _%_ _ l
_ T _ —1] 4
S ooTos i oy
0] 4 1
poz—gozlé] p1=_91+ﬁ0p0=[1 +Z[0]=
2
—1
90" 90 -1 ol o] 1 T 2
Ao = = — = — — gdi 91 — Z
S LA = e = |
o] . 1[11_[2 ! HNE
x1=x0+a0p0=[O +E[O]:[(2)] xZ:x1+a1p1:[E]+§‘;:i
. O — —
i 2| |3
-1 11 2 —-11|1 )
9:= g0+ aopo = [ | +3[ % S 9. = o]
) 0

| 1
NP A=




2550 0Ll Rplp 5o Joi n s - Jle

f(x) = 27 + 1023 A(é 0 )’bo

o; = 0.015

2% J




z9oe bolyS

Jo@ (p el Co Cmoai
pi = —Vf(x;) + fiPi-1

Di s Di—1 0o z9om <t Pi dwlore
S S 5l eolal 35l

Ll

s2als Ll 5 5l SIS

Ole led 4 ool (g 3lwosly *

oS sl -
b e wlg cga solanl B -
—olzo

Lugis Lsi‘Ji"-‘b Cas gy ©
LS)“'\fu"l-‘-M 4 u»l.~..:> "



925 oS SFler Ly

0<A <A <<,

2
A —A
* |12 n—k L *

%1 = x"llg =~ €l — Il

lxx —x%[lg < 2(

VEQ) +

=)
k(@ = llelt e -

iy i Sz K(Q)

K gy S, K(Q) °

oy polia L K(Q) iy ISl DByl al5 ¢

flgaazr



2957 okl SlSes So o

lek+1—x*ll_\/_ VA4
N

ot [& 2

=1-2 =1-

Vin +3a I @

[l — 27|

/11 2 An dde &yg0 40

90 4,0 &l
;ﬂ‘m LSLQL_';*"%%
55,nK(Q) 4z »

PSS saw
S Ser als



I N
N
*e A
J u L Ad
(24 A

fx) =2xTQx — bx
Y = 8X 5 pdyosSae S 5,8
1 Sas b 5o (5 K>
¢(y) = EyT(S‘TQS‘l)y —(STh)Ty
(5Tes M)y ="
STIQS™H Ll (slaciug oo & arly Q sl 4 I Ken e o

é‘)iojb o> MLA 6L°°}-19 )‘J.B.o aS LQ_S JL._,Q EEg
FoS bydosse by (g ile 4 i



b i matre okl o5

P ok g905e JholS e ss)

5 by M

Go = 0Qxg — b gxq aJgl os,lois
My, =90 J~

Po = —Yo ool 8

gi ¥ 0 oo

_ gi"yi
L piTop;
Xi+1 = X; + a;p;
giv1 =9 +a;0p;
Myiy1=9iv1 J>
B; = giv1 Vit
' 9iTyi
Pi+1 = —YVi+1 T Bibi

f[R*" >R
f@) = 2a70x - b'x

wudle. Jlis ay
M =STS -



W =STS
pPo=Wg
Xk+1 = X T APk

Pi+1 = WGk+1 + BrPk

_ g£+1ng+1
giWgi

B

I N
N
*e *e
) L Ad
(24 A

X 9,5 590 pelias b9,



W. Hager, H. Zhang, “A Survey Of Nonlinear Conjugate Gradient Methods,” Pac. J. Optim. 2, No. 1, 35-58, 2006.

“Conjugate Gradient,” hitps://bookdown.org/rdpeng/advstatcomp /conjugate-gradient.html
Ivg

M. Zibulevsky, “Method of Conjugate Gradients,” https://www.youtube.com/watch2v=hZVK PGEOQ |

“Proving the Vector Projection Formula,” hitps://www.youtube.com/watchz2v=MdfArHIKWZc

“Orthogonal Projections,” hitp://mathonline.wikidot.com/orthogonal-projections

[Jse;tl

[5 nessll


https://bookdown.org/rdpeng/advstatcomp/conjugate-gradient.html
https://www.youtube.com/watch?v=hZVK_PGE0_I
https://www.youtube.com/watch?v=MdfArHlKWZc
http://mathonline.wikidot.com/orthogonal-projections

